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1. ������	
� in + in + 1 + in + 2 + in + 3 = 0 ����� n ��������	������	� �! (3  #$���)

�������  &' n ��������	������	� �! �$(�'	
�
in + in + 1 + in + 2 + in + 3 = in (1 + i + i2 + i3)

= in (1 + i ) 1 ) i) 
 = in (1 ) 1 + i ) i) 
 = in (0) 
 = 0 �
�

2. ���&�� &' Z1 = a + bi, Z2 = c + di  ��������	��01�2'�� �! �3$ a, b, c, d  ��������	��41� ��51�6��7 
8'�#	���
�(��9:
1) Z1⋅Z2 = (ac ) bd) + (bc + ad)i (5  #$���)

2) Z1
Z2

= (ac bd) (bc ad)i
2 2c d

+ + −
+

(5  #$���)

������� 1) ��451�6��78'��9:<��$���� &'�6 2 	1=9 >�?	1=9�4��$ 0'��4#6@>�?�4�2A���
�?�	
��9�	1=9&�A��#��
��4��39�?� &'�?6
 �46��01�8B:	�
�� 
������
 1
� ��� Z1 = a + bi, Z2 = c + di  �$(�'	
�

Z1⋅Z2 = (a + bi)(c + di)  =  (ac + bci) + (adi + bdi2)
= (ac ) bd) + (bc + ad)i Q.E.D. 

 ������
 2
� ��� Z1 = a + bi, Z2 = c + di  ��39�?� &'�?6
 �46��01�8B:	 �B��9:

 &' θ1 �3$ θ2 ������47�1	����78�� Z1 �3$ Z2 ���3���B�
�3$ r1 �3$ r2 ����8���8�� Z1 �3$ Z2 ���3���B�
�B��B:� Z1 = r1[cos θ1 + i sin θ1] �3$ Z2 = r2[cos θ2 + i sin θ2]
�$(�'	
� Z1⋅Z2 = r1r2 [cos (θ1 + θ2) + i sin (θ1 + θ2)] 

 = 2 2 2 2a b c d+ ⋅ + [cos (arctan b
a + arctan d

c ) + i sin (arctan b
a + arctan d

c )] 

  &' p = arctan b
a �3$ q = arctan d

c �$(�'	
�

= 2 2 2 2a b c d+ ⋅ + [cos (p + q) + i sin (p + q)] 



= 2 2 2 2a b c d+ ⋅ + [cos p cos q ) sin p sin q + i (sin p cos q + cos p sin q)] 

 = 2 2 2 2a b c d+ ⋅ + [
2 2
a

a b+ 2 2
c

c d+
)

2 2
b

a b+ 2 2
d

c d+
+

i (
2 2
b

a b+ 2 2
c

c d+
+

2 2
a

a b+ 2 2
d

c d+
)] 

 = ac ) bd + i (bc + ad) Q.E.D. 
 

2) ��� Z1 = a + bi, Z2 = c + di  �$(�'	
�
Z1
Z2

= a bi
c di
+
+

#6@�'	?�B�?K# (conjugates) 8�� c + di  �$(�'	
�
Z1
Z2

= a bi
c di
+
+ ⋅ c di

c di
−
−

= 2 2
(a bi)(c di)

c di
+ −
−

=
2

2 2
(ac bci) (adi bdi )

c d
+ − −

+
= 2 2

(ac bc) (bc ad)i
c d

+ + −
+

Q.E.D. 

 
3. ������&4��?��B	�?
��#'��	
� |Z1 + Z2| ≤ |Z1| + |Z2| ����� Z1 �3$ Z2 ��������	��01�2'�� �! (5  #$���)

�������  &' Z1 = a + bi  �3$ Z2 = c + di  >�?Q9� a, b, c, d  ��������	��41� �! 
�$(�'	
� Z1 + Z2 = (a + c) + (b + d)i 

 �B��B:� |Z1 + Z2| = 2 2(a c) (b d)+ + + �3$ |Z1| = 2 2a b+ , |Z2| = 2 2c d+

�$(�'	
� |Z1| + |Z2| = 2 2a b+ + 2 2c d+

�B��B:� (|Z1| + |Z2|)2= ( 2 2a b+ + 2 2c d+ )2

= (a2 + b2 + c2 + d2)2 -----(*) 

 �
�(�51��4@� |Z1 + Z2| = 2 2(a c) (b d)+ + +
?����3B����QB:����8'�� �$(�'	
�

|Z1 + Z2|2 = ( 2 2(a c) (b d)+ + + )2

= [(a + c)2 + (b + d)2]2

= [(a2 + 2ac + c2) + (b2 + 2bd + d)]2

= [(a2 + b2 + c2 + d2) + 2(ac + bd)]2



= (a2 + b2 + c2 + d2)2 + 4(a2 + b2 + c2 + d2)(ac + bd) + 4(ac + bd)2

�Q�#
��������4 (*)  ���$(�'	
�
|Z1 + Z2|2 = (|Z1| + |Z2|)2 + 4(a2 + b2 + c2 + d2)(ac + bd) + 4(ac + bd)2

��������� a2 + b2 + c2 + d2 ≥ 0 �3$ ac + bd  ≥ 0 ����QK�����	��41� a, b, c, d  �! 
�A�(�'	
� |Z1 + Z2|2 ≤ (|Z1| + |Z2|)2 �B��#�� |Z1 + Z2| ≤ |Z1| + |Z2| Q.E.D. 
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